The classical Bernstein Theorem asserts that an entire minimal graph in R 3 must be planar. This theorem was subsequently generalized to higher dimensions by the works of Fleming [10], Almgren [1], DeGiorgi [6] , and Simons [23] . The final result states that an entire n-dimensional minimal graph in R n+1 must be given by a linear function over R n providing that n ≤ 7. On the other hand, nonlinear entire minimal graphs in R n+1 for n ≥ 8 were found by Bombieri, DeGiorgi, and Guisti in [2] .
§0 Introduction
The classical Bernstein Theorem asserts that an entire minimal graph in R 3 must be planar. This theorem was subsequently generalized to higher dimensions by the works of Fleming [10] , Almgren [1] , DeGiorgi [6] , and Simons [23] . The final result states that an entire n-dimensional minimal graph in R n+1 must be given by a linear function over R n providing that n ≤ 7. On the other hand, nonlinear entire minimal graphs in R n+1 for n ≥ 8 were found by Bombieri, DeGiorgi, and Guisti in [2] .
Due to the fact that minimal graphs are area minimizing, they are contained in a larger class of submanifolds given by the stable minimal hypersurfaces in R n+1 . In 1979, do Carmo and Peng [7] proved that a complete, stable, minimally immersed hypersurface M in R 3 must be planar. At the same time, Fischer-Colbrie and Schoen [9] independently showed that a complete, stable, minimally immersed hypersurface M in a complete 3-dimensional manifold N with nonnegative scalar curvature must be either conformally a plane R 2 or conformally a cylinder R × S 1 . For the special case when N is R 3 , they also proved that M must be planar. In 1984, Gulliver [11] studied a yet larger class of submanifolds in R 3 . He proved that a complete, oriented, minimally immersed hypersurface with finite index in R 3 must have finite total curvature. In particular, applying a theorem of Huber [13] , one concludes that the hypersurface must be conformally equivalent to a compact Riemann surface with finitely many punctures. The same result was also independently proved by Fischer-Colbrie in [8] . In addition, she also proved that a complete, oriented, minimally immersed hypersurface with finite index in a complete 3-dimensional manifold with nonnegative scalar curvature must be conformally equivalent to a compact Riemann surface with finite punctures. Shortly 1 after, Gulliver [12] improved the result of Fischer-Colbrie and proved that if the ambient manifold has nonnegative scalar curvature then a minimal hypersurface with finite index must have quadratic area growth, finite topological type, and the square of the length of the second fundamental form must be integrable. Indeed, a complete surface with quadratic area growth and finite topological type must be conformally equivalent to a compact Riemann surface with finitely many punctures.
In 1997, Cao, Shen, and Zhu [3] considered the high dimensional cases of the theorem of do Carmo-Peng and Fischer-Colbrie-Schoen. They proved that a complete, oriented, stable, minimally immersed hypersurface M n in R n+1 must have only one end. This theorem was recently generalized by the authors in [20] , where they showed that a complete, oriented, minimally immersed hypersurface M n in R n+1 with finite index must have finitely many ends. The purpose of this paper is to prove similar type theorems for complete, oriented, stable (or with finite index), minimal hypersurfaces in a complete manifold with nonnegative sectional curvature. Since the ambient manifold is not necessarily R n+1 , it is not known that the submanifold M n inherits a global Sobolev type inequality. As a result, many of the arguments in the previous situations do not carry over. However, the assumption that the ambient manifold has nonnegative sectional curvature implies that the Busemann functions are convex. In particular, they are subharmonic when restricted to the minimal submanifold. The main idea of this paper is to use these as barrier functions to construct harmonic functions with controlled growth. We then apply the theory developed by Tam and the first author in [19] (also see the survey paper [16] ) to study the structure of the submanifold. The first main result concerns stable minimal hypersurfaces. Throughout this paper, we assume that all manifolds are oriented.
Theorem 0.1. Let M n be a complete, properly immersed, stable, minimal hypersurface in N n+1 . Suppose N is a complete manifold with nonnegative sectional curvature. Then either (1) M has only one end; or (2) M = R × P with the product metric, where P is compact with nonnegative sectional curvature, and M is totally geodesic in N .
We would like to point out that in the second case of Theorem 0.1, the obvious situations are when either N = R 2 × P ; or N = R ×P , with P ⊂P as a totally geodesic submanifold in a compact manifoldP . There are also other possibilities such as the case when N = R × S 1 × P . However M is immersed in N in a nonstandard manner, such that, the line R in the splitting of M is a geodesic given by the geodesic γ in the cylinder R × S 1 making an angle with S 1 . In this case, γ is not a line in N although it is an infinite geodesic. Another possibility is that N = Q×P, where Q is given by a two dimensional flat cone with a round-off vertex. In this situation, the line in M can be a geodesic in Q away from the round-off vertex.
We also consider the situation when M is a hypersurface with finite index. The finite index assumption [8] implies that M is stable outside some compact set.
Theorem 0.2. Let M n be a complete, properly immersed, minimal hypersurface with finite index in N n+1 . Suppose N is a complete manifold with nonnegative sectional curvature. Then M must have finitely many ends. In fact, there exists a constant C > 0 depending on a compact set of the M such that the number of ends of M is at most C. §1 Parabolicity and Stability Let N n+1 be a complete manifold with nonnegative Ricci curvature. Suppose M n is a complete minimal hypersurface in N . If |A| 2 denotes the square of the length of the second fundamental form of M and Ric N (ν, ν) is the Ricci curvature of N in the direction of the unit normal ν to M , then M being stable in N is characterized by the stability inequality [22] (1.1)
Recall that a complete manifold M is parabolic if it does not admit a positive Green's function for the Laplacian for functions. In this case, the analysis of stable minimal hypersurfaces is much simpler. Note that when the ambient manifold is Euclidean space and n ≥ 3, then M is non-parabolic (see [3] ). In general, when N is only assumed to have nonnegative Ricci (or sectional) curvature, then M can be parabolic as in the case of the cylinder M = R × P in Theorem 0.1. Theorem 1.1. Let M n be a complete minimal hypersurface in a manifold, N n+1 , with nonnegative Ricci curvature. If M is parabolic, then M must be totally geodesic in N . Moreover, the Ricci curvature Ric N (ν, ν) of N in the normal direction also vanishes, and M must have nonnegative scalar curvature.
Proof. By the construction of symmetric Green's function [17] (also see [16] ), the assumption that M is parabolic can be characterized by the following construction. For a fixed p ∈ M , a given R > 0, and a sequence R i > R with R i → ∞, let f i be a sequence of harmonic functions satisfying
with boundary conditions
and
By the gradient estimate for harmonic functions and the boundedness of f i , the sequence f i converges uniformly on compact subsets of M \ B p (R) to a harmonic function f. The manifold M is parabolic if and only if f is the constant function 1. If indeed M is parabolic, since
the fact that f i → 1 implies that the right hand side must tend to 0 as R i → ∞.
To prove the proposition, we consider the compactly supported function
Using this as test function in the stability inequality (1.1), we conclude that
Since the right hand side vanishes as i → ∞, we have
hence |A| 2 and Ric N (ν, ν) vanish identically on B p (R). Due to the fact that R is arbitrary, this implies the vanishing of A and Ric N (ν, ν). The nonnegativity of the scalar curvature of M follows by applying the Gauss curvature equation and using the assumption that N has nonnegative Ricci curvature. Theorem 1.1 reduces our study of stable minimal hypersurfaces to the nonparabolic case. In this case, we will recall the lemma of Schoen-Yau [22] .
n be a complete, stable, minimally immersed hypersurface in N n+1 . Suppose N has nonnegative sectional curvature and u is a harmonic function defined on M . Then the inequality
holds for any compactly supported, nonnegative function φ ∈ H 1,2 (M ).
Proof. The Bochner formula (see [15] ) asserts that
where Ric M is the Ricci curvature of M . The fact that u is harmonic implies [25] (also see [21] ) that
If {e 1 , e 2 , . . . , e n } is an orthonormal frame of M and (h ij ) is the second fundamental form of M , then the Gauss curvature equation asserts that
where we have used the assumption that M is minimal and K N (e 1 , e α ) is the sectional curvature for the 2-plane section spanned by e 1 and e α . On the other hand, using the inequality
we conclude that
Choosing the orthonormal frame so that ∇u = |∇u| e 1 and using the curvature assumption on N , this implies that
Combining with (1.2) yields
By setting ψ = φ|∇u| with φ being a nonnegative compactly supported function on M , the stability inequality (1.1) implies that
Combining with (1.3), we conclude that
As a corollary of Theorem 1.1 and Lemma 1.2, we readily recover the theorems of Schoen-Fischer-Colbrie and do Carmo-Peng.
Recall that in the case of minimal surface in a 3-dimensional manifold, if we denote S N to be the scalar curvature of N and K M to be the Gaussian curvature of M , then using the Gauss curvature equation the stability inequality can be written as
for any nonnegative, compactly supported function ψ ∈ H 1,2 (M ). Theorem 1.3. Let M 2 be an oriented, complete, stable, minimal hypersurface in a complete manifold N 3 with nonnegative scalar curvature. Then M must be conformally equivalent to either the complex plane C or the cylinder R × S 1 . If M is conformally equivalent to the cylinder and has finite total curvature, then it must be totally geodesic and the scalar curvature of N along M must be identically 0.
Proof. LetM be the universal covering of M. By the uniformization theorem,M must be conformally equivalent to either the unit disk D 2 or the complex plane C. We claim thatM cannot be conformally equivalent to D 2 . To see this, we observe that the stability inequality still holds onM by lifting the functions |A| 2 and S N toM . In fact, if ψ is a nonnegative, compactly supported function onM and π :M → M is the covering map, then the functionψ defined byψ
is a nonnegative, compactly supported function on M. The stability inequality on M asserts that
On the other hand, Schwarz inequality implies that
and the stability inequality is valid onM . IfM is conformally equivalent to D 2 , the invariance of the Laplace operator in dimension 2 asserts that there exist nonconstant, bounded harmonic functions with finite Dirichlet integral onM . Moreover, if u is such a harmonic function then the Bochner formula ∆|∇u| ≥ K |∇u| + |∇|∇u|| |∇u| and the proof of Lemma 1.2 applying to the stability inequality (1.4) onM imply that
for any nonnegative, compactly supported function φ ∈ H 1,2 (M ). However, choosing
the right hand side becomes
The fact that u has finite Dirichlet integral implies that this tends to 0 as R → ∞. Therefore, inequality (1.5) asserts the vanishing of A and |∇|∇u||. In particular, |∇u| must be identically constant andM has finite volume because u has finite Dirichlet integral. This contradicts the assumption andM must be conformally equivalent to C. Using the uniformization theorem again, we conclude that M must be conformally equivalent to either the complex plane C or the cylinder R × S 1 . This proves the first part of the theorem.
If M is conformally equivalent to R × S 1 and has finite total curvature, then applying the proof of Theorem 1.1 to the stability inequality (1.4) we conclude that
In particular, the assumption that N has nonnegative scalar curvature implies that
Cohn-Vossen inequality then asserts that
Since M is the cylinder, we conclude that M K M = 0 and (1.6) asserts that A and S N are both identically 0 on M as claimed.
Combining this theorem with Theorem 1.1, we obtained the following corollary, which was also proved in [9] . Corollary 1.4. Let M 2 be an oriented, complete, stable, minimal hypersurface in a complete manifold N 3 with nonnegative Ricci curvature. Then M must be totally geodesic in N and the Ricci curvature of N in the normal direction to M must be identically zero along M. Moreover, M is either (1) conformally equivalent to the complex plane C; or (2) isometrically the cylinder R × S 1 .
Moreover, if N = R 3 , then M must be planar in R 3 . §2 Preliminaries
Let us now assume that N n+1 is a complete manifold with nonnegative sectional curvature. For a fixed point p ∈ N , let γ : [0, ∞) → N be a normal geodesic ray emanating from p. The Busemann function, β γ , with respect to γ is defined by
and the Busemann function, β, with respect to the point p is then defined by
It was proved in [4] that β(x) is a convex exhaustion function of N . Suppose M n is a minimally immersed hypersurface in N n+1 , then a direct computation implies that the restriction of β on M is subharmonic with respect to the induced metric.
The following lemma is useful for the construction of harmonic functions on a manifold possessing subharmonic functions with certain properties. Since the manifold is only assumed to be complete, it is likely that there are other applications of this lemma.
Lemma 2.1. Let M n be a complete manifold, and E is an end of M given by an unbounded, connected component of M \ B p (1). Suppose g is a subharmonic function defined on E with the property that its maximum is not achieved on ∂E. Let us define E(R) = B p (R) ∩ E and s(R) = sup ∂B p (R)∩E g. For any sequence {R i } with R i → ∞, there exists a subsequence, which we also denote by {R i }, and a sequence of positive constants {c i }, such that, the solutions {u i } to the boundary value problem ∆u i = 0 on E(R i ),
converges on compact subsets of E to a positive harmonic function u with boundary value u = 0 on ∂E.
Moreover, the sequence {c i } satisfies the bound
for some constant 0 < C < ∞, and
Proof. For any sequence R i → ∞, let f i be the solution to the boundary value problem
Let r be the distance function to the fixed point p ∈ M , and define c i > 0 by the formula
Let u i be the function defined by u i = c i f i . Then according to the construction in [19] and [16] , a subsequence of {u i }, denoted also by {u i }, converges to a positive harmonic function u on E. We now claim that there exists a constant 0 < C < ∞ such that the sequence {c i } satisfies lim sup
Indeed, the maximum principle asserts that
on E(R i ) since this inequality is satisfied on ∂E(R i ). The assumption that g does not achieve its maximum on ∂E and the maximum principle imply that s(R) > s(1) for some R > 1. For this particular R, let x ∈ ∂E(R) \ ∂E such that g(x) = s(R). Applying (2.1) and letting i → ∞, we conclude that lim sup
confirming the existence of C.
Integrating by parts yields
On the other hand, since
We are now ready to prove Theorem 0.1. In fact, Theorem 0.1 is a simple consequence of the following theorem.
Theorem 3.1. Let M n be a complete, stable, minimally immersed hypersurface in N n+1 . Suppose N is a complete manifold with nonnegative sectional curvature. If M is parabolic, then it must be totally geodesic and has nonnegative sectional curvature. In particular, M either has only one end, or M = R × P with the product metric, where P is compact with nonnegative sectional curvature. If M is non-parabolic, then it must only have one non-parabolic end. In this case, any parabolic end of M must be contained in a bounded subset of N.
Proof. If M is parabolic, Theorem 1.1 implies that M must be totally geodesic and the Ricci curvature of N in the normal direction must vanish on M . In particular, the Gauss curvature equation asserts that M has nonnegative sectional curvature. Moreover, if M has more than one end, then the splitting theorem [5] implies that M must be isometrically R × P for some compact manifold P with nonnegative sectional curvature.
From this point on, we may assume that M is non-parabolic and has at least two ends. Suppose E and F are two ends of M given by unbounded, connected components of M \ B p (1). The non-parabolicity of M implies that at least one of the ends is non-parabolic. For the sake of argument, let E be the non-parabolic end.
Let us assume that F is either non-parabolic, or that the Busemann function β when restricted to F is unbounded, hence satisfying the hypothesis of Lemma 2.1. Note that if M is properly immersed in N then β will be unbounded on each end of M. Using the Busemann function β in the role of g in Lemma 2.1, we observe that because |∇β| ≤ 1, s(R) is at most linear growth. In particular, there exists a sequence of harmonic functions {u i } defined on F (R i ) that converges to a positive harmonic function u defined on F. Moreover, they satisfy
Similarly, because E is assumed to be non-parabolic, by passing to a subsequence if necessary, there exists a sequence of harmonic functions {v i } defined on E(R i ) that converges to a bounded harmonic function v defined on E. The sequence also satisfy
Let us define a sequence of functions k i on B p (R i ) by
Obviously, k i is harmonic on E(R i ) ∪ F (R i ) and
Let w i be the solution to the boundary value problem
The fact that w i minimizes Dirichlet integral implies that
On the other hand, according to [24] , since k i converges to the function
there exists a constant C 1 > 0 independent of i such that a subsequence of {w i } converges to a harmonic function w on M satisfying |w − k| ≤ C 1 .
Applying Lemma 1.2, we have
for any nonnegative function φ ∈ H 1,2 (M ) supported on B p (R i ). In particular, for any fixed 0 < R < R i , if we set
then we have
Letting i → ∞, this implies that
Since R is arbitrary, we conclude that |∇w| is constant. Because w is a non-constant harmonic function, this means that |∇w| = 0, hence |A| 2 must be identically 0 and M is a totally geodesic submanfiold. The Gauss curvature equation then asserts that M must have nonnegative sectional curvature also. The assumption that M has at least two ends and the splitting theorem [5] imply that M must split isometrically into R × P, where P must be a compact manifold with nonnegative sectional curvature. However, this contradicts the assumption that M is non-parabolic, hence M must have only one end. §4 Minimal Hypersurfaces with Finite Index Similar to the case when N = R n+1 , a finiteness theorem can be proved for minimal hypersurfaces with finite index. As pointed out in the introduction, since a global Sobolev type inequality might not be valid on M , we have to come up with a different argument when N is just assumed to have nonnegative sectional curvature. In any event, Theorem 0.2 follows from the following theorem.
Theorem 4.1. Let M n be a complete, minimally immersed hypersurface with finite index in N n+1 . Suppose N is a complete manifold with nonnegative sectional curvature. Let µ be the number of ends of M that is either non-parabolic or parabolic but not contained in any bounded subset of N , then there exists a constant C > 0 depending on a compact set of the M, such that, µ ≤ C.
Proof. The assumption that M has finite index implies that there exists a compact subset D such that M \D is stable. In particular, the stability inequality (1.1) holds for any compactly supported function ψ defined on M \ D. Following the argument as in the proof of Theorem 0.1, for each pair of such ends E and F , the sequence of harmonic functions {w i } converges to a harmonic function w on M satisfying (3.1) with φ being a compactly support function on M \ D. Moreover, the theory of LiTam [19] asserts that the space of harmonic functions, K = {w}, constructed above will have dimension equal to the number of ends. Hence, it suffices to estimate the dimension of K.
Note that for any w ∈ K, we may assume that it can be approximated by a sequence of harmonic functions w i whose Dirichlet integral is at most linear growth, as indicated by Lemma 2.1.
Let R 0 be sufficiently large such that D ⊂ B p (R 0 ) and set φ to be
for R 0 + 2 < R i . Following the argument for (3.2), we conclude that
Letting i → ∞, we obtain the estimate
On the other hand, the Poincaré inequality for mixed boundary condition asserts that there is a constant C(B p (R 0 + 2) \ B p (R 0 )) > 0 depending on the set B p (R 0 + 2) \ B p (R 0 ) such that
for any f ∈ H 1,2 (B p (R 0 + 2) \ B p (R 0 )) with boundary condition f = 0 on ∂B p (R 0 ).
Applying this to the function φ |∇w|, we conclude that
Combining with (4.1), we have .
Together with (4.2), this implies sup
The dimension estimate on K then follows from a lemma of the first author in [14] and the argument in [20] .
We would like to remark that the properness assumption of M in N in Theorem 0.1 and Theorem 0.2 is only used to ensure that the Busemann functions satisfy the hypothesis of Lemma 2.1 on a parabolic end. In the event when the end is not properly immersed, it is still possible that one can find a Busemann function satisfying the property that its maximum is not achieved on ∂E. For example, if the end E is not contained in a compact set of N then the Busemann function must not be bounded on E and the hypothesis of Lemma 2.1 is met. If this is the case, the proofs of Theorem 0.1 and Theorem 0.2 are still valid for that end. Note that when N = R n+1 , if E is an end of M which is contained in a compact set of R n+1 , then it follows that the lower bound of the Dirichlet spectrum λ 1 (E) of E must be positive. A theorem in [21] then implies that E must be non-parabolic and Lemma 2.1 is not needed. Hence the properness assumption is not needed when N = R n+1 and we recovered the theorems in [3] and [20] .
